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Abstrat
We present the oupled nonlinear integral equations (NLIE) governing the nite
size eets in N=1 super sine-Gordon model for the vauum as well as for the exited
states. Their infrared limit orretly yields the sattering data of the super sine-
Gordon S-matrix onjetured by Ahn [15℄. Ultraviolet analysis is in agreement with
the expeted onformal data of c = 3/2 CFT. Conformal perturbation theory further
orroborates this result.
1 Introdution
Finite Size Eets in two dimensional integrable QFT an be studied exatly by means of
sets of oupled nonlinear integral equations that an be thought as ontinuum versions of
Bethe Ansatz equations. In partiular, the equation introdued for the Sine-Gordon (SG)
model by Destri and De Vega [1, 2℄ through a light-one lattie regularization and basially
equivalent to a similar one found by Klümper, Bathelor and Peare [3, 4℄ for the spin 1/2
XXZ hain, one extended to exited states [5, 6℄, has proven to be a very important
tool in establishing and testing the orret onnetion between the Fatorized Sattering
desription and the Perturbed CFT formulation of SG model [7, 8, 9℄. Restrited SG
models an be put in orrespondene with minimal CFT perturbed by their φ13 operators
in a similar way [10℄.
It would be a result of prinipal importane to be able to formulate suh non-linear
integral equations (NLIE) for many other integrable QFTs. In this paper we report the
onstrution of NLIEs for the N=1 Super Sine-Gordon (SSG) model. The importane of
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this generalization lies in the manifest supersymmetry of this integrable model and the
link it has with appliations in various areas of physis ranging from ondensed matter to
strings.
To get the NLIEs for SSG model, we proeed by analogy with the pure SG ase. There,
the NLIE was obtained through a light-one lattie onstrution of a 6-vertex model,
whih is known to be equivalent, from the Bethe Ansatz point of view, to an alternating
inhomogeneous spin 1/2 XXZ hain. In the ontinuum limit this lattie model is shown
to give the equations of motion of SG (or equivalently massive Thirring) model [11, 12℄.
It is known sine a long time that the 6-vertex model on a square lattie, or equivalently
spin 1/2 homogeneous XXZ hain, renormalizes on the ontinuum to a free massless boson,
i.e. c = 1 CFT [13℄. The analog model with spin 1, the integrable spin 1 homogeneous
integrable XXZ hain is equivalent to the square lattie 19-vertex model and renormalizes
to a c = 3/2 boson + Majorana fermion theory whih is expliitly N=1 supersymmetri.
It is therefore natural to onjeture that the full SSG model an be onstruted starting
from a light-one lattie 19-vertex model, or equivalently from a spin 1 alternating inho-
mogeneous integrable XXZ hain [26℄. A diret dedution of the equations of motion, like
in [11℄ or [12℄ is too umbersome and beyond the sope of the present paper.
The Bethe Ansatz for spin 1 integrable XXZ hain has been written long time ago [16℄
and an be generalized with the introdution of an alternating inhomogeneity trivially.
In the homogeneous ase, a oupled set of two NLIE's equivalent to it on the lattie has
been dedued, by use of transfer matrix reurrene relations and T-Q formalism in ref.[14℄,
inluding exited states. Their generalization to the inhomogeneous ase is also trivial. On
the other hand a system of two NLIE was onjetured on the ontinuum by C. Dunning [27℄
for the vauum state and heked to give the expeted ultraviolet entral harge c = 3/2.
Further analysis of Finite Size Eets in SSG model was arried out in [18℄.
In setion 2 we reall the setup of the model in Lagrangian formulation, as a perturbed
CFT and a fatorized sattering theory. In setion 3 we present the alternating inhomoge-
neous integrable spin 1 XXZ hain and its Bethe ansatz. The NLIE is presented in setion
4 for the spin hain on the lattie and, by performing the saling limit, in the ontinuum.
Setion 5 is devoted to the infrared (IR) analysis reonstruting the supersymmetri soli-
toni S-matrix. From this setion on we limit ourselves mostly to the repulsive regime. The
interesting features of the attrative regime, as well as the impliations for superminimal
model perturbed by Φ13 are left for a future investigation. In setion 6 the ultraviolet (UV)
limit of the NLIE is omputed and shown to reprodue data ompatible with the expeted
c = 3/2 CFT. A numerial omparison with preditions of onformal perturbation theory
is presented in setion 7. Finally we draw our onlusions and perspetives for future work
in setion 8.
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2 The super sine-Gordon (SSG) model
The SSG model an be dened on a ylinder of irumferene L (thought as spatial dire-
tion, with innite time diretion) by the ation
ASSG =
∫
dt
∫ L
0
dx
∫
dϑdϑ¯
(
DΦD¯Φ + µ cos βΦ
)
where β is the oupling, µ a bare mass and the supereld Φ expands in omponents as
Φ(x, t, θ, θ¯) = ϕ(x, t) + ϑψ(x, t) + ϑ¯ψ¯(x, t) + ϑϑ¯F (x, t)
The ation in omponents, one the auxiliary eld F is eliminated by the Euler-Lagrange
equations of motion, reads
ASSG =
∫
dt
∫ L
0
dx
(
1
2
∂µϕ∂
µϕ+ iψ¯γµ∂µψ + µψψ¯ cos
β
2
ϕ+
µ2
β2
cos βϕ
)
(1)
This model is known to be integrable sine a long time and evidently possesses N = 1
supersymmetry. Its ultraviolet (UV) limit is given by a theory of a free massless boson
Ω(x, t) = φ(z) + φ¯(z¯) = ϕ√
4π
(here z = x+ it, z¯ = x− it) ompatied on a irle of radius
R = 4
√
π
β
(i.e. with quasi periodi boundary onditions Ω(x + L, t) = Ω(x, t) + 2πmR
at xed time, m being alled the winding number) and a free massless Majorana fermion
with antiperiodi (NS = Neveu-Shwarz) or periodi (R = Ramond) boundary onditions
ψ(x+L, t) = ±ψ(x, t). This CFT obviously has entral harge c = 3
2
and a (U(1)×Z2)L×
(U(1)× Z2)R symmetry and shows N = 1 supersymmetry.
In the NS setor the primary elds are given by vertex operators
V (r,r¯)n,m (z, z¯) = ψ¯r¯ψr : e
i[( nR+
mR
2 )φ(z)+(
n
R
−mR
2 )φ¯(z¯)] :
where r, r¯ ∈ {0, 1}, ψ0 = 1, ψ1 = ψ of onformal dimensions
∆(r,r¯)n,m =
1
2
(
n
R
+
mR
2
)2
+
r
2
, ∆¯(r,r¯)n,m =
1
2
(
n
R
− mR
2
)2
+
r¯
2
In the R setor the primary elds are realized by bosoni vertex operators multiplied
by the Ising spin eld
Rn,m(z, z¯) = σ(z, z¯) : e
i[( nR+
mR
2 )φ(z)+(
n
R
−mR
2 )φ¯(z¯)] :
of onformal dimensions
∆n,m =
1
2
(
n
R
+
mR
2
)2
+
1
16
, ∆¯n,m =
1
2
(
n
R
− mR
2
)2
+
1
16
All the other seondary states in the theory an be obtained by applying the Heisenberg
algebra and the fermion algebra modes to the primaries. See [18℄ for details.
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The main objet enoding the UV operator ontent of the theory is the modular in-
variant partition funtion of the c = 3
2
CFT, obtained in [17℄. It reads
Z(R) =
1
|η|2

(χ0χ¯1/2 + χ1/2χ¯0)
∑
n∈Z+ 1
2
, m∈2Z+1
+ (|χ0|2 + |χ1/2|2)
∑
n∈Z,m∈2Z
+|χ1/16|2
∑
2n−m∈2Z+1
}
q∆
(0,0)
n,m q¯∆¯
(0,0)
n,m
where η(q) is the Dedekind funtion and q = e2πiτ , τ being the modular parameter. We see
from the partition funtion that in the NS setor the quantum numbers n,m, r, r¯ desribing
the operator ontent an take the values
n ∈ Z+ 1
2
m ∈ 2Z+ 1
{
r = 1 r¯ = 0
r = 0 r¯ = 1
or
n ∈ Z m ∈ 2Z
{
r = r¯ = 0
r = r¯ = 1
while in the R setor they are onstrained to take the values
n ∈ Z m ∈ 2Z+ 1
or
n ∈ Z+ 1
2
m ∈ 2Z
The SSG model an be seen as a perturbation of this c = 3/2 CFT by a relevant
operator
Φpert =
√
2π
(
V
(1,1)
1,0 + V
(1,1)
−1,0
)
=
√
2π : ψψ¯ cos
β
2
ϕ : (2)
of onformal dimension ∆pert = ∆¯pert =
1
2
+ β
2
32π
. The other perturbing eld
1
2
(
V
(0,0)
(2,0) + V
(0,0)
(−2,0)
)
=: cos βϕ :
neessary in the lassial ation to ensure supersymmetry, an be shown to give a ontribu-
tion to quantum orrelators that goes to zero with the uto [21℄ and an be negleted in
a quantum formulation. See [18℄ for a more detailed disussion of these two perturbation
terms.
The operator (2) is relevant (∆pert < 1) if the SSG oupling is in the range 0 < β
2 < 16π.
At exatly β2 = 16π it beomes marginally relevant and desribes a perturbation of the
WZW SU(2)k=2 model by its J
aJ¯a operator.
Opposite to this UV desription of SSG as a perturbed CFT, there exists a fatorized
sattering theory that has been onjetured by C. Ahn [15℄ to desribe the asymptoti
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partile properties of SSG model. The S-matrix is written in detail in the original paper
[15℄ and the vauum struture is arefully analyzed in [18℄. While not repeating here those
data, we just reall that the S-matrix has a tensor produt form
S(θ) = SRSOS(2)(θ)⊗ SSG(θ, βSG)
where the RSOS part is the S-matrix of the triritial Ising model perturbed by φ13 and
desribes the supersymmetri struture, while the SG part is the usual solitoni S-matrix of
pure sine-Gordon model, at β2SG =
16πβ2
16π+β2
, desribing the bosoni degrees of freedom. The
vauum struture shows, similarly to SG, innitely many degenerate vaua periodially
repeating. The additional RSOS struture amounts to the fat that in eah period there
are three degenerate vaua, labeled by {0, 1
2
, 1} and onneted by the adjaeny of the
A3 Dynkin diagram. The elementary exitations are supersymmetri solitons (kinks) that
interpolate these vaua [18℄. They are the only asymptoti partiles of the model if
16π
3
<
β2 ≤ 16π (repulsive regime). For β2 < 16π
3
bound states (supersymmetri breathers)
appear (attrative regime).
3 The inhomogeneous spin 1 XXZ hain and its Bethe
ansatz
As said in the introdution, we assume, by analogy with the SG ase, that the SSG model
an be onstruted by taking the appropriate ontinuum limit of an integrable lattie model:
the light-one lattie 19-vertex model. For a desription of this lattie model inluding its
Boltzmann weights, see [17℄. Atually, there are innitely many possible lattie models
providing SSG as a ontinuum limit. Among them, it is onvenient for our purposes to
hoose one that preserves integrability on the lattie, so that the Bethe ansatz mahinery
an be used to diagonalize its transfer matrix and get the energy levels and in priniple
other measurable quantities.
The square lattie 19-vertex model, in the limit of ontinuous time diretion while
keeping the spae diretion disretized , is related to the integrable homogeneous spin 1
XXZ hain [24℄ with anisotropy γ. Its ontinuum limit is a system of a free massless boson
ompatied on a radius R =
√
π/(π − 2γ). The light-one lattie version of the same
model is instead equivalent to a spin 1 XXZ hain, with N sites labeled by n = 1, ..., N ,
lattie spaing a, anisotropy γ and inhomogeneity λn = (−1)n+1Θ. The relation between
the ompatiation radius R and the SSG oupling β implies that the anisotropy γ is
related to β through γ
π
= ∆pert(β). It is often onveniently parametrized by γ =
π
p+2
.
Throughout this paper, we will mainly fous on the range γ < π
3
, i.e. p > 1. This
orresponds to the repulsive regime of SSG model.
We start from the desription of the homogeneous system. At eah site n of the hain
a 3-dimensional spae Vn ∼ C3 is dened, on whih the spin operators of the Hamiltonian
at. Let Rn,m(θ) be the R matrix ating non trivially on Vn⊗ Vm. Its expliit form an be
found in [24℄.
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The homogeneous transfer matrix T2(θ) is dened by the trae of the produt of R over
the auxiliary spae Va ∼ C3
T2(θ) := TrVaRa,1(θ) · · ·Ra,N(θ).
Periodi boundary onditions are imposed here.
The hamiltonian of the assoiated spin 1 XXZ hain is identied withH = π
γ
d
dθ
log T2(θ).
H=
N∑
n=1
(
σ⊥n − (σ⊥n )2 + cos 2γ(σzn − (σzn)2)− (2 cos γ − 1)(σ⊥n σzn + σznσ⊥n )− 4 sin2 γ(Szn)2
)
(3)
where we write σn = Sn · Sn+1 = σ⊥n + σzn.
Next we onsider the inhomogeneous generalization [1, 2, 26℄, (N ∈ 2Z)
T2(θ|{λj}) := TrVaRa,1(θ − λ1) · · ·Ra,N (θ − λN).
By following the light-one approah, we adopt a partiular alternating hoie of the in-
homogeneities λn = (−1)nΘ and write T2(θ,Θ) ≡ T2(θ|{(−1)nΘ}). The loal hamiltonian
ontaining both the two-body and the three-body interation is then dened by
H =
π
γ
d
dθ
log T2(θ)|θ=Θ
The inhomogeneity introdues the interation between the left-going frame and the right-
going one.
Conveniently, we introdue an auxiliary transfer matrix whih is dened in a similar
manner to T2, replaing the spin 1 × spin 1 R by the spin 1 × spin 12 R matrix. A twist ω
at the boundary an also easily be inorporated. Periodi boundary onditions orrespond
to ω = 0, antiperiodi ones to ω = π/2. The expliit eigenvalues of T1(θ) and T2(θ) then
read
T1(θ,Θ) = e
iωρ(θ − iπ)Q(θ + iπ)
Q(θ)
+ e−iωρ(θ + iπ)
Q(θ − iπ)
Q(θ)
T2(θ,Θ) = e
2iωρ(θ − iπ
2
)ρ(θ − i3π
2
)
Q(θ + i3π
2
)
Q(θ − iπ
2
)
+ ρ(θ − iπ
2
)ρ(θ + i
π
2
)
Q(θ + i3π
2
)Q(θ − i3π
2
)
Q(θ + iπ
2
)Q(θ − iπ
2
)
+ e−2iωρ(θ + i
π
2
)ρ(θ + i
3π
2
)
Q(θ − i3π
2
)
Q(θ + iπ
2
)
where
ρ(z) = sinhN/2
γ
π
(z −Θ) sinhN/2 γ
π
(z +Θ)
The important funtion Q is given by the Bethe ansatz roots θj , (j = 1, · · · ,M); Q(z) =∏M
j=1 sinh
γ
π
(z − θj).
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Bethe Ansatz for the homogeneous ase was written in [16℄. For the alternating inho-
mogeneous ase it an be generalized easily, resulting in(
sinh γ
π
(θj +Θ+ iπ) sinh
γ
π
(θj −Θ+ iπ)
sinh γ
π
(θj +Θ− iπ) sinh γπ (θj −Θ− iπ)
)N/2
= −e2iω
M∏
k=1
sinh γ
π
(θj − θk + iπ)
sinh γ
π
(θj − θk − iπ)
The number of roots M is related to the (onserved) total 3-rd omponent of the spin
Sz of the hain and the number of sites N by
Sz = N −M
The Bethe equations have a periodiity for θ → θ+ iπ2
γ
= θ+ iπ(p+2). It is onvenient
to onsider as fundamental strip −π(p+2)
2
< Imθ ≤ π(p+2)
2
.
The vauum state is realized by a maximal set of (quasi)-two-strings (see Fig. 1)
θj = Reθj ± i
(π
2
+ ǫj
)
where the deviations ǫj > 0 from the pure two-string behavior are assumed to be small
and limited by a positive parameter ǫ: ǫj ≤ ǫ. The distribution of these roots is denser in
the regions near ±Θ, where also the ǫj are minimal. We exemplify this in some plots, at
p = 1
2
(attrative) and p = 3
2
(repulsive) in appendix C.
The exited states are usually haraterized by roots loated in positions dierent than
those of the vauum, as well as some holes. The following lassiation of the Bethe ansatz
roots, other than 2-strings, is possible:
1. inner roots : |Imθj | < π2 , j = 1, · · · ,MI
2. lose roots:
π
2
< |Imθj | < 3π2 , j = 1, · · · ,MC
3. wide roots:
3π
2
< |Imθj | < π22γ , j = 1, · · · ,MW
4. self onjugate roots : |Imθj | = π22γ , j = 1, · · · ,Mp.
Besides these roots, the real zeroes of the transfer matries T1 and T2 also play an impor-
tant role in the desription of the exited states. The zeros of transfer matrix T2(θ) are
alled holes beause they are in 1:1 orrespondene with atual holes in the quasi 2-string
distribution.
One the Bethe roots are alulated as solutions to the Bethe equations, the formula
ei
a
2
(E±P ) = e±iω
M∏
j=1
sinh γ
π
(iπ ± θj −Θ)
sinh γ
π
(iπ ∓ θj −Θ)
yields the energy level and total momentum of the orresponding state. Higher integrals
of motion an also be expressed in a similar way.
We remark that the generalization of the above formulation to general values of spin is
immediate.
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4 The NLIE for the inhomogeneous spin 1 XXZ hain
NLIE on the lattie for a homogeneous spin 1 XXZ hain with periodi boundary onditions
has been written in [14℄, to whih we refer for notations and presentation of the dedution.
The generalization to the alternating inhomogeneous lattie model is quite straightforward
and leads, along similar lines, to the following oupled NLIE
ln b(θ) = Cb + iDb(θ + iǫ) + ig1(θ) + igb(θ) + (G ∗ lnB)(θ)− (G[2ǫ] ∗ ln B¯)(θ)
+ (K [−
pi
2
+ǫ] ∗ lnY )(θ) (4)
ln y(θ) = Cy + gy(θ) + (K
[pi
2
−ǫ] ∗ lnB)(θ) + (K [−pi2+ǫ] ∗ ln B¯)(θ)
where B(θ) = 1 + b(θ) , Y (θ) = 1 + y(θ) and for any funtion f and g
(f ∗ g)(x) ≡
+∞∫
−∞
dy f(x− y) g(y) , f [±η](x) = f(x± iη) (5)
The kernel funtions G and K read
G(θ) =
∞∫
−∞
dq
2π
eiqθ
sinh π(p−1)q
2
2 sinh πpq
2
cosh πq
2
K(θ) =
1
2π cosh(θ)
.
We also introdue odd primitives of kernel funtions,
χ(θ) = 2π
θ∫
0
dx G(x) χK(θ) = 2π
θ∫
0
dx K(x)
that are important in writing the soure terms ontaining information on the exitations:
gb(θ) =
NH∑
j=1
χ(θ − hj)− 2
NS
H∑
j=1
χ(θ − hSj )−
MS∑
j=1
(χ(θ − sj) + χ(θ − s¯j))
−
MC∑
j=1
χ(θ − cj)−
MW∑
j=1
χII(θ − wj)−
Msc∑
j=1
χII(θ − w(j)sc ),
g1(θ) =
N1∑
j=1
χK(θ − h(1)j ),
gy(θ) = lim
η→0+
g˜y
(
θ + i
π
2
− iη
)
g˜y(θ) = i


NH∑
j=1
χK(θ − hj)− 2
NS
H∑
j=1
χK(θ − hSj )−
MS∑
j=1
(χK(θ − sj) + χK(θ − s¯j))
−
MC∑
j=1
χK(θ − cj)
}
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where the seond determination funtion, for p > 1
χII(θ) = −i
[
ln sinh
(
θ
p
)
− ln sinh
(
θ + Sign(Imθ)iπ
p
)]
is dened by χ(x) + χ(x− iπsgn (x)).
The driving term bulk ontribution exists only in the equation for ln b(θ) and it reads
Db(θ) = N arctan
sinh θ
coshΘ
The onstants Cb and Cy are determined by the asymptoti behavior of both sides of
the NLIE
Cb = iCˆb Cˆb = πδb + α α = ω
(
1 +
2
p
)
+ χ∞ (N− −N+). (6)
δb ∈ {0, 1} and χ∞ = χ(+∞) = π
2
(
1− 1
p
)
. (7)
N± =
⌊
3
(
Sz
p+ 2
∓ ω
π
)⌋
−
⌊
Sz
p+ 2
∓ ω
π
⌋
(8)
where ⌊x⌋ stands for the integer part of x and
Cy = iπδy + iπ(S +MW +Msc) δy = N− mod 2 (9)
We need one more equation for the determination of wide and self-onjugated roots.
For the ases π < Imθ ≤ π
2
(p+ 1):
ln a˜(θ) = Ca˜ + iga˜(θ) + (G
[−ǫ]
II ∗ lnB)(θ)− (G[ǫ]II ∗ ln B¯)(θ), (10)
where
ga˜(θ) =
NH∑
j=1
χII(θ − hj)− 2
NS
H∑
j=1
χII(θ − hSj )−
MS∑
j=1
(χII(θ − sj) + χII(θ − s¯j))
−
MC∑
j=1
χII(θ − cj)−
MW∑
j=1
[χII(θ − wj)]II −
Msc∑
j=1
[
χII(θ − w(j)sc )
]
II
, (11)
Ca˜ = i
{
2ω
(
1 +
2
p
)
+
π
p
(N+ −N−)
}
. (12)
and the seond-seond determination is dened as in [10℄.
The parameters hj, sj , cj, ... in the soure terms, i.e. the positions of holes, lose, wide
roots, et... an be determined realling that all these objets annulate the funtions
B, 1 + a˜, Y , et... This leads to the following quantization onditions
9
• For holes:
1
i
ln b(hj − iǫ) = 2π Ihj j = 1, ..., NH. (13)
• A bit formally for speial roots:
1
i
ln b(sj − iǫ) = 2π Isj j = 1, ...,MS. (14)
• For lose roots (only for the upper part of the lose pair):
1
i
ln b(c↑j − iǫ) = 2π Ic↑j j = 1, ...,MC/2. (15)
• For wide roots:
1
i
ln a˜(w↑j ) = 2π Iw↑j j = 1, ...,MW/2. (16)
• For self-onjugated roots:
1
i
ln a˜(w↑(j)sc ) = 2π Iw↑(j)sc j = 1, ...,Msc. (17)
So far we have determined only the upper part of the omplex pairs, but the other parts
an be determined by simple omplex onjugation.
• For zeroes of T1(θ):
1
i
ln y1
(
h
(1)
j − i
π
2
)
= 2π I
h
(1)
j
j = 1, ..., N1. (18)
All the above quantum numbers Iαj 's are half integers. A state is then identied by a
hoie of the quantum numbers (Ihj , Icj , ...). The NLIE itself an impose onstraints on
the allowed values some of these quantum numbers.
A omment must be done to explain the emergene of speial objets (holes and/or
roots) hSj and sj, s¯j in the equations above. Normally the funtion Z(θ) = Im ln b(θ) is a
monotonially inreasing funtion of θ. It may happen, however, that this monotoniity
is loally violated. If it happens that a root or hole θj has Z(θj) < 0, then we say that
it is speial. In this ase the term lnB = ln(1 + b) inside the onvolution terms goes
o-branh, so that lnB = logB + 2πi (where we use the notation log to indiate the
fundamental branh of the logarithm). The 2π jump is responsible of the emergene of the
new terms χ(θ− s) + χ(θ− s¯) (or 2χ(θ− hS) for holes) in the soure part of the equation.
Smoothly varying parameters in the NLIE, if an objet that was not a speial beomes
now speial, it is ompelled to be aompanied by two new emerging holes. So the number
Neff = NH − 2Ns is onserved by smoothly varying parameters.
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A areful analysis of the θ → ±∞ asymptotis of the NLIE shows that the numbers
NH ,MC ,MW , ... et... are not arbitrary, but onneted to the total 3-rd omponent of spin
Sz through a set of Diophantine equations, the so alled ounting equations
NH − 2NS = MC + 2(Sz +MW +Msc)−N+ −N−, (19)
N1− 2NSR = Sz +MW +Msc+M (2)C −MR−
⌊
Sz
p+ 2
− ω
π
+
1
2
⌋
−
⌊
Sz
p+ 2
+
ω
π
+
1
2
⌋
. (20)
whereM
(2)
C is the number of those "lose roots" whose imaginary part are either in {π/2, π}
or {−π,−π/2}. There is an additional parity onstraint on N1
N1 +
⌊
Sz
p + 2
+
ω
π
+
1
2
⌋
−
⌊
Sz
p+ 2
− ω
π
+
1
2
⌋
= even. (21)
We are interested in the saling limit N → ∞, a → 0, while the irumferene of the
ylinder L = Na remains nite. This limit denes the theory on a ontinuum ylinder of
nite spatial size (irumferene) L. Bethe equations beome innite in number in this
limit. They must be substituted by some sort of density of roots method. However the
traditional density approah, based on linear integral equations, is valid only in the large
L limit and does not take into aount nite size eets. The NLIE approah, instead, is
able to fully ontrol the physis on the ontinuum at any size L.
The lattie NLIE (4) has a sensible saling limit only if we ne tune the inhomogeneity
parameter Θ to go to innity as lnN in a very preise way
Θ ∼ ln 2NML
thus introduing a mass sale M. The only variation in the NLIE is in the Db term that
beomes simply
Db(θ) =ML sinh θ
The asymptoti partile interpretation of this term will be lear in the IR analysis of
next setion. We are in presene of a genuine renormalization proedure, leading to a
renormalized quantum eld theory on the ontinuum. In the following it is onvenient to
introdue the dimensionless sale parameter ℓ = ML. The UV physis of the model is
reprodued for ℓ → 0 (negligible mass sale), while the IR one orresponds to the large
volume ℓ→∞ regime.
The ounting equations on the ontinuum are slightly simplied with respet to the
lattie. They read
NH − 2NS = MC + 2(S +MW +Msc), (22)
N1 − 2NSR = S +MW +Msc +M (2)C −MR − δy, (23)
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where S is now the topologial harge of the ontinuum theory, onneted to the lattie
spin Sz is:
2S = 2Sz −N+ −N−. (24)
The terms with integer parts on the rhs. of (20) present on the lattie and oming from the
value of ImB(±∞) beome zero in the ontinuum, where B(±∞) = 1. The same happens
in the additional parity onstraint for N1 that now simply beomes the requirement that
it must be even: N1 ∈ 2Z.
The NLIE an be solved numerially with an iterative proedure for a given set of
quantum numbers Ik. One the position of the soures and the funtions ln b, ln y have
been alulated, the total energy and momentum of a state an be alulated through the
formulae
E = M

NH∑
j=1
cosh(hj)− 2
NS
H∑
j=1
cosh(hSj )−
MS∑
j=1
{cosh(sj) + cosh(s¯j)} (25)
−
MC∑
j=1
cosh(cj) +
i
2π
+∞∫
−∞
dθ sinh(θ + iǫ) lnB(θ)− i
2π
+∞∫
−∞
dθ sinh(θ − iǫ) ln B¯(θ)


P = M

NH∑
j=1
sinh(hj)− 2
NSH∑
j=1
sinh(hSj )−
MS∑
j=1
{sinh(sj) + sinh(s¯j)} (26)
−
MC∑
j=1
sinh(cj) +
i
2π
+∞∫
−∞
dθ cosh(θ + iǫ) lnB(θ)− i
2π
+∞∫
−∞
dθ cosh(θ − iǫ) ln B¯(θ)


Notie that wide and self-onjugate root ontributions drop from this expressions beause
sinhII θ = coshII θ = 0 in the repulsive regime p > 1 we are onsidering here.
5 Large sale analysis and Partile Theory
It is interesting to verify whih sattering data an be reprodued by the large ℓ limit of
this onstrution. In the ℓ→∞ limit the onvolution integrals involving B and B¯ in both
equations are exponentially depressed, as an be easily seen by replaing the leading large ℓ
ontribution that goes as ℓ sinh θ into the onvolution itself. However, this same reasoning
annot be applied to the other onvolution integrals involving Y , as the funtion y has no
exponentially leading term. As a result, the ℓ→∞ asymptotis of the NLIE looks like
−i ln b(θ) = Cˆb + ℓ sinh θ + g1(θ) + gb(θ)− i(K [−pi2+ǫ] ∗ lnY )(θ) +O(e−ℓ) (27)
ln y(θ) = Cy + gy(θ) +O(e
−ℓ) (28)
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The dominating term of the rst equation for large ℓ is ℓ sinh θ, thus showing monotoniity
of the real part of the funtion −i ln b, whih in turn implies that for large ℓ there are no
speial objets: Ns = 0.
The seond equation is now purely algebrai and an be solved for y and the result an
be plugged into the rst equation. Dening
K(θ) ≡ (K [−pi2 ] ∗ ln(1 + eCy+gy))(θ)
we have, putting ω = 0 and letting δb take both its values 0 or 1
−i ln b(θ) = ℓ sinh θ + gb(θ)− iK(θ) + δbπ (29)
The energy and momentum expressions also simplify in the same way
E = M
NH∑
j=1
cosh(hj)−M
MC∑
j=1
cosh(cj) +O(e
−ℓ) (30)
P = M
NH∑
j=1
sinh(hj)−M
MC∑
j=1
sinh(cj) +O(e
−ℓ) (31)
Let us rst examine the ase of NH holes without any omplex pair (other than, of
ourse, the quasi 2-strings of the vauum sea, that do not ontribute here, being onned
in the dropping onvolution integrals). The energy and momentum are given by
E =M
NH∑
j=1
cosh(hj) , P =M
NH∑
j=1
sinh(hj)
We an interpret this result by saying that holes represent a system of asymptoti partiles
of mass M and rapidity hj.
The quantization of partile rapidities for large volume in a fatorized sattering theory
is given by the formula
eiMℓ sinh θkΛ(θk|{θi}) = 1. (32)
where Λ(θ|{θi}) is an eigenvalue of the n-partile olor transfer matrix dened by the
produts of two-body S-matries
T (θ|{θi}) =
n∏
i=1
S(θ − θi)
A omparison of (32) with the exponentiated form of (29) and realling the quantization
onditions (13,...,18) shows that in general
Λ(θk|{θi}) = eigb(θk)eK(θk)(−1)δb
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In the ase of two partiles, Λ are simply the eigenvalues of the two-body S-matrix.
Moreover, if the S-matrix has a tensor produt form, also its eigenvalues have. The two
partile states are realized by hoosing NH = 2. The two hole positions are denoted h1, h2.
We reall the well known fat that
eiχ(θ) = S0(θ)
where S0(θ) is the S
++
++ = S
−−
−− element of the SG two-body S-matrix. The ounting
equation (22) gives a few possible hoies
• S = 1 and MC = MW = MSC = 0
• S = 0 and MC = 2, MW = MSC = 0
• S = 0 and MSC = 1, MC = MW = 0
Notie that MW and MC an only be even, as the omplex roots other than self-onjugate
always ome in pairs. From the other ounting equation (23) one an see that for all the
2-hole states N1 = 0.
A simple inspetion ase by ase of the rst fator eigb(θk) of Λ shows that it reprodues
exatly the SG S-matrix and the quantization of lose pair imaginary parts studied in [8℄.
We onlude that
Λ = ΛSGe
iK(−1)δb
The Ahn S-matrix will be reprodued if eiK(−1)δb gives the four eigenvalues of the RSOS(2)
S-matrix. As
y(θ) = (−1)δy tanh
(
θ − h1
2
)
tanh
(
θ − h2
2
)
for the alulation of K we have to distinguish the two ases δy = 0 and δy = 1.
In the δy = 0 ase one gets
K(θ) = iπ {Q1(θ − h12)−Q2(θ − h1)−Q2(θ − h2)} , (33)
where h12 =
h1+h2
2
and
Q1(θ) = − 1
2π
arctan sinh(θ)− i
2π
ln cosh(θ), (34)
Q2(θ) = −χ2(θ)
2π
− i
2π
ln cosh
(
θ
2
)
. (35)
where χ2(θ) is equal to χ(θ) with p = 2. Important values from the point of view of the
quantization equations are
K(h1) = R(h1 − h2), (36)
K(h2) = R(h2 − h1), (37)
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where
R(θ) = i
2
χ2(θ)− i
2
ψ0(θ), (38)
ψ0(θ) = i ln
sinh iπ+θ
4
sinh iπ−θ
4
. (39)
The following important identity yields
χ4(θ) =
1
2
χ2(θ) +
1
2
ψ0(θ). (40)
where χ4(θ) denotes χ(θ) alulated at p = 4. This gives two of the four eigenvalues of the
RSOS(2) S-matrix, namely
±eiχ4(θ) sinh
(
iπ+θ
4
)
sinh
(
iπ−θ
4
)
(41)
Along similar lines, the ase δy = 1 gives the other two eigenvalues
±eiχ4(θ)
√
sinh
(
iπ+θ
4
)
sinh
(
iπ−θ
4
)
(42)
thus exhausting the RSOS part of the two-body S-matrix. The omplete struture of the
solitoni S-matrix of Ahn [15℄ is reprodued.
We observe that the eigenvalues (41,42) of the RSOS part of the olor transfer matrix
do not ontain the 2θ/2πi rossing fators of Ahn's S-matrix. This is beause the rossing
fators orrespond to a gauge transformation of the RSOS transfer matrix, under whih
the eigenvalues obtainable by nite size eets are invariant [33℄.
The main surprise of this disussion is the fat that to take into aount all the 4
RSOS eigenvalues we had to take into aount both values δy = 0, 1. Now, from the lattie
onstrution, for the states here examined, only δy = 0 is allowed. The ase where in the
seond NLIE δy is taken to be 1 annot be dedued from lattie onstrution. To say that
there exists a NLIE where δy = 1 is a onjeture, similar in a ertain sense to the one
leading to the NLIE for odd topologial harge setors in SG [9℄. Allowing this extension
of the NLIE does not only reprodue the two missing eigenvalues of RSOS part of the
S-matrix, but, as we shall see in the following, also the entire R setor of the UV modular
invariant partition funtion. If there is a viable lattie onstrution for this hoie of δy or
not remains to be laried.
6 UV limit and kink approximation
Now we examine the ultraviolet limit of the states desribed by the NLIE. We follow the
standard approah desribed in detail in [1, 20, 4℄. The position of the soures for ℓ → 0
an remain nite (entral objets), or they an move towards the two innities as ± ln (2
ℓ
)
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(left/ right movers). We introdue the nite parts θ±,0j of their positions θj by subtrating
the divergent ontribution:
{θj} →
{
θ±j ± ln
(
2
ℓ
)
, θ0j
}
.
We denote the number of right/left moving and entral objets by N±,0H , N
±,0
S ,M
±,0
C , . . .
et. For later onveniene we introdue the right/left moving and entral spin given by
S±,0 =
1
2
(N±,0H − 2N±,0S −M±,0C − 2M±,0W − 2M±,0sc ). (43)
In the UV limit the NLIE splits into three separate equations orresponding to the three
asymptoti regions. This is why for all the auxiliary funtions of the NLIE (4) we dene
the so alled kink funtions as
F±(θ) = lim
ℓ→0
F
(
θ ± ln 2
ℓ
)
. F ∈ {log b, log y, log a˜, . . . }. (44)
In the UV limit these kink funtions satisfy the so alled kink equations and the energy
and momentum an be expressed by them. Performing the above kink limit on our NLIE
the kink equations take the form
log b±(θ) = i C
(i)
b± ± i e±(θ+iǫ) + i g(0)1±(θ + iǫ) + i g(0)b± (θ + i ǫ)
+ (G ∗ lnB±)(θ)− (G+2ǫ ∗ ln B¯±)(θ) + (K−pi2+ǫ ∗ lnY±)(θ), (45)
log y±
(
θ − iπ
2
)
= C˜y± + g˜
(0)
y±(θ) + (K
−ǫ ∗ lnB±)(θ)− (K+ǫ ∗ ln B¯±)(θ), (46)
log y±(θ) = lim
η→pi
2
−
log y±
(
θ − iπ
2
+ iη
)
. (47)
ln a˜±(θ) = Ca˜ + iC±a˜ + i g˜
(0)
a˜±(θ) + (G
−ǫ
II ∗ lnB±)(θ)− (G+ǫII ∗ ln B¯±)(θ), (48)
where in (45) i ∈ {1, 2} depending on the value of the imaginary part of θ. If 0 < Imθ <
π/2, then i = 1, if π/2 < Imθ < π, then i = 2. The bulky expressions of the onstants
and the onrete form of the soure funtions are olleted in appendix A. The nite part
of the right and left moving objets an be obtained from the kink funtions by imposing
quantization onditions very similarly to (13,...,18).
After some usual manipulations [1, 20, 4℄ it turns out that in the UV limit the energy
and momentum an be expressed by a sum of dilogarithm funtions with the θ → ±∞
limiting values of the kink funtions in their argument. One of these two limiting values is
trivial, namely:
b±(±∞) = b¯±(±∞) = 0, (49)
y±(±∞) = (−1)δy . (50)
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The other limiting values satisfy a nontrivial oupled nonlinear algebrai equations, the
so-alled plateau equations [1℄:
log b±(∓∞) = iCˆb ± 2iχ∞(S − 2S±)± 2πi lˆ±W ± iπ
(
Msc +
N1
2
−N±1
)
+
χ∞
π
{
lnB±(∓∞)− ln B¯±(∓∞)
}
+
1
2
lnY±(∓∞), (51)
y±(∓∞) = (−1)2S±+δy
(
B±(∓∞)B¯±(∓∞)
) 1
2 , (52)
where
lˆ±W = l
±
W −
M±W
2
−M±sc, (53)
irrelevant from the point of view of the exponent of equation (51). Now we have to solve
eqs. (51,52) analytially. Motivated by the TBA formulation of the problem, we take the
following Ansatz for the solutions of the plateau equations (51,52):
b±(∓∞) = e±3iρ± 2 cos(ρ±), b¯±(∓∞) = e∓3iρ± 2 cos(ρ±), (54)
B±(∓∞) = e±2iρ± sin (3ρ±)
sin (ρ±)
, B¯±(∓∞) = e∓2iρ± sin (3ρ±)
sin (ρ±)
, (55)
y±(∓∞) = sin (3ρ±)
sin (ρ±)
, Y±(∓∞) = 4 cos(ρ±)2 > 0. (56)
Sine we need only b±(∓∞) and not the (extended) log of it, we an restrit the allowed
values of ρ± in the [0, 2π] interval. The solutions of the plateau equations formally take
the form
ρ± = π
(
k±ρ ± δb ±
α
π
+∆ρ±
)
− π
p+ 2
(
2k±ρ ± 2δb ± 2
α
π
+ 3∆ρ±
)
, (57)
where
∆ρ± = S − 2S+ −N±ρ , N±ρ =
⌊
3
ρ±
π
⌋
−
⌊ρ±
π
⌋
, n±ρ =
⌊
2
ρ±
π
⌋
−
⌊ρ±
π
⌋
. (58)
and further onstraints must be satised by the parity of the integers k±ρ and N
±
ρ :
k±ρ = 2l
±
ρ +Msc +
N1
2
−N±1 − n±ρ , l±ρ ∈ Z, (59)
N±ρ mod 2 = 2S
± + δy mod 2 (60)
Using the dilogarithm sum rule of appendix B. and putting everything together the on-
formal weights take the form
∆± =
1
16
δy +
1
2
(
n±
R
± S
2
R
)2
+ N˜± + J±, (61)
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where
n± = −
(
δb ± k±ρ ±
3
2
∆ρ±
)
, (62)
N˜± =
Nˆ±ρ − δy
8
∓ S±n± − 3
2
(S − S±)S±, Nˆ±ρ = N±ρ mod 2. (63)
J± = ±Ih± ∓ 2Ih±s ∓ 2Is± ∓ 2Ic±↑ ∓ 2Iw±↑ ∓ Iw±↑sc ± Ih(1)±
∓ (S± +M±W +M±sc)
(
δb ± N1
2
∓N±1 ±Msc ∓M±sc
)
(64)
− (M+W +M+sc)
(
S − S±)+K±.
where K+ and K− are given by
K+ = k
+
W +M
(2)+
C (N1 −N+1 )−
N+1
2
{
δy + 2(S +MW +Msc) +M
(2)
C −M (2)+C
}
(65)
K− = k
−
W +
N−1
2
(
δy −M (2)C +M (2)−C
)
(66)
where k±W depend only on the atual onguration of wide roots, and they are integers, if
M±sc are even, and they are half-integers if M
±
sc are odd.
Analyzing the formulae (61-66) of the UV onformal weights, one an see that S an be
identied with the winding number m, the parameter δy ∈ {0, 1} of the NLIE distinguishes
the NS and R setors of the theory, and depending on the state under onsideration the
sum N± + J± an be either integer or half-integer. Furthermore it an be easily proven
that there is a relation between n± of (62) and the winding number S, namely in the NS
setor
n± ∈ Z if S ∈ 2Z, (67)
n± ∈ Z+ 1
2
if S ∈ 2Z+ 1, (68)
while in the Ramond setor
n± ∈ Z+ 1
2
if S ∈ 2Z, (69)
n± ∈ Z if S ∈ 2Z+ 1. (70)
in full aordane with what desribed on the UV operator ontent in setion 2. Moreover
it an be proven that in the δy = 1 ase (R setor) the sum N± + J± is always integer
as it must be in the R setor of a c = 3
2
CFT. Thus, due to the previous remark and the
relations (67-70), the onformal weights (61-66) an be interpreted within the framework
of c = 3
2
CFT as onformal weights appearing in the modular invariant partition funtion
of Di Franeso et al. [17℄.
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7 Comparison with PCFT results
In the previous setion we saw that the NLIE (4) desribes a modular invariant c = 3
2
CFT in the UV, but we would like to have more evidene that our oupled NLIEs desribe
the SSG theory. The simplest hek is the numerial omparison of NLIE and perturbed
onformal eld theory for ertain states. This omparison is really important in the R
setor where the form of the NLIE is a pure onjeture and an not be obtained from the
integrable light-one lattie regularization of the model.
As we already disussed in setion 2, the SSG model an be formulated as a perturbed
CFT with the ation on the ylinder
A = A3/2 + g
∫
d2z Φpert(z, z¯), (71)
where A3/2 is the ation of the c = 32 CFT, g = µ2√2π is the oupling onstant with mass
dimension y = 2(1 − 1/R2) with R being the ompatiation radius of the onformal
normalized boson eld and the Φpert(z, z¯) perturbing operator of eq.(2) is normalized by
〈Φpert(z, z¯)Φpert(0, 0)〉 = |z|−2(2−y). In the framework of onformal perturbation theory the
energy levels an be represented as a sum of integrals over the n-point funtions of the
unperturbed CFT [22℄. In the ase of SSG theory there is no bulk energy ontribution on
aount of supersymmetry, and the perturbation series ontains only even powers of the
oupling g. Using the exat relation between g and the massgap of the model [23℄
gπ√
8
γ
(
1
2
− β
2
32π
)
=M1− β
2
16pi
(
π
4
β2
16π − β2
)1− β2
16pi
, γ(x) =
Γ(x)
Γ(1− x) , (72)
the perturbation series an be expressed as power series of ℓ2y, where ℓ = ML is the
dimensionless volume. The rst orretion to the energy of a state |a〉 having onformal
dimensions ∆a, ∆¯a an be written as
6L
π
Ea(ℓ) = −(3
2
− 12(∆a + ∆¯a))− C |a〉2 ℓ2y +O(ℓ), (73)
where the leading order oeient reads as
C
|a〉
2 = α
I |a〉
π
(74)
where
α =
3
2
· 82/R2 1
γ2
(
1
2
− 1
2R2
) ( 1
R2 − 1
)2− 2
R2
. (75)
ontains the massgap formula and I |a〉 is a simple integral expression
I |a〉 =
∫
d2z
|z|y 〈a|Φpert(1, 1)Φpert(z, z¯)|a〉onn. (76)
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In [18℄ the rst nontrivial PCFT orretions were alulated for various states in the NS
setor and they were used to test the TCSA near UV, and to hek the NLIEs proposed
to desribe the three ground states of the model. Now, having NLIE for exited states as
well, it is worthwhile to hek it against PCFT preditions. Unfortunately the omparison
is quite restrited on both sides. Atually, the appliability of PCFT, mostly in the R
setor, is strongly restrited by IR divergenies. Thus, up to two-kink states the number
of IR safe states is very small. On the other hand the NLIE an not be solved numerially
with present tehniques if speial objets appear [1℄. Thus, the PCFT-NLIE omparison
an be done only for a few states in ertain restrited regions of the oupling onstants.
In the NS setor, in the zero momentum two-kink states spae, the energy of the state
|1−〉 = 1√
2
(
V
(0,0)
1,0 (0, 0)− V (0,0)−1,0 (0, 0)
)
|0〉 with onformal weights ∆ = ∆¯ = 1
2R2
an be
alulated numerially from NLIE in the region 1 < p < 2. The PCFT orretion of the
state was alulated in [18℄ and is given by
I |1−〉 = γ
(
1
2
− 1
2R2
)[
γ
(
− 1
R2
)
γ
(
1
2
+
3
2R2
)
− 1
2
γ
(
1
2
− 1
2R2
)
γ
(
1
R2
)]
. (77)
In the language of Bethe Ansatz this state orresponds to a S = 0 state with 2-holes, one
self-onjugated root, and δb = δy = 0. We heked numerially our NLIE against PCFT
at a lot of values of the ompatiation radius R, and in every ase we experiened very
good agreement. To illustrate the agreement between NLIE and PCFT, the numerial
omparison of the quantity ε(l) = 6L
π
Ea(l) + (
3
2
− 12(∆a + ∆¯a)) oming from NLIE and
PCFT at the spei R2 = 7
3
point an be found in table 1. One an see that the two sets
of data approah one another as the volume tends to zero.
In the spae of zero-momentum two-kink states of the Ramond setor, beause of IR
divergenies, the only state for whih PCFT an be applied is a harged 2-kink state. At
UV, this state orresponds to |S = 1, R〉 = R0,1(0, 0)|0〉 with onformal weights ∆ = ∆¯ =
1
16
+ 1
2
(
R
2
)2
, and the rst nontrivial orretion to this state is given by
I |S=1,R〉 = −π
4
γ
(
−1
2
+
1
2R2
)
γ
(
1
2
+
1
2R2
)
γ
(
− 1
R2
)
. (78)
In the language of Bethe Ansatz, this state orresponds to a pure two-hole state with
δb = 0, δy = 1. The numerial omparison of ε(ℓ) oming from NLIE and PCFT at the
spei value R2 = 5
3
an be found in table 2. The two sets of data onverge as the volume
tends to zero.
The very good agreement of NLIE and PCFT data give an additional strong support
that the NLIE (4) indeed desribes the nite size eets of the SSG model.
8 Conlusions and Perspetives
In the present paper we have presented the full exited states NLIE for the N=1 super-
sine-Gordon model, deduing it from a lattie NLIE introdued by Suzuki for the spin 1
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ℓ ε(ℓ) (NLIE) ε(ℓ) (PCFT) ℓ4y
0.1 0.213251889(1) 0.2135198827 5 · 10−3
0.05 0.096639933(5) 0.096695005 10−3
0.01 0.015365337(5) 0.01536672004 2 · 10−5
0.005 0.0069587125(5) 0.006959000 5 · 10−6
0.001 0.001105913(5) 0.00110592082 10−7
0.0005 0.00500832(5) 0.005008293 3 · 10−8
0.0001 0.000079592(5) 0.00007959153 7 · 10−10
Table 1: Numerial omparison of PCFT with NLIE for the state |1−〉 at R2 = 7
3
.
ℓ ε(ℓ) (NLIE) ε(ℓ) (PCFT) ℓ4y
0.1 0.4411699(1) 0.42645819 0.025
0.05 0.24978747(1) 0.24493591 8 · 10−3
0.01 0.06795829(1) 0.067589069 6 · 10−4
0.005 0.03894153(2) 0.03881972 2 · 10−4
0.001 0.01072140(3) 0.010712145 10−5
0.0005 0.00615559(2) 0.00615251 5 · 10−6
0.0001 0.00016979(1) 0.000169776 4 · 10−7
Table 2: Numerial omparison of PCFT with NLIE for the state |S = 1, R〉 at R2 = 5/3.
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integrable XXZ hain [14℄. We have heked the onsisteny of this proedure by omput-
ing some of the infrared and ultraviolet properties known for suh quantum eld theory. In
partiular, the S-matrix proposed by C. Ahn [15℄ has been reprodued, as well as various
properties of the c = 3
2
CFT that is expeted to desribe the ultraviolet behavior of the
model. Muh more work has to be done, however. First of all, ontrary to the sine-Gordon
ase, we lak here of a dedution of the equation of motion from the lattie onstrution.
This keeps the whole onstrution quite onjetural (although on a very solid ground). A
neat dedution of equations of motion from the light-one lattie onstrution or alterna-
tively from a bosonization of the alternating inhomogeneous XXZ Hamiltonian ould be a
very important step forward.
We have investigated in detail only the solitoni setor of the model, by foalizing on
the repulsive regime where no breathers appear. The struture of the supersymmetri
breathers should be investigated for at least two reasons: it ompletes the analysis of the
asymptoti partile spetrum of the theory and gives aess to quantum group restritions
desribing superonformal minimal models perturbed by Φ13.
The N=1 SSG model is just the rst in a whole series of Frational SSG models [25℄ that
an be seen as perturbations of the onformal models introdued in [17℄. The full series
of oupled NLIE's generalizing those presented here has been proposed, for the vauum
state, by C. Dunning [27℄. These models are evidently mapped, by analogy with SG
and SSG, into light-one higher vertex models like the 44-vertex, et... or equivalently in
alternating inhomogeneous XXZ hains of higher and higher spin. It would be interesting
to hek Dunning's onjeture and extend NLIEs to the struture of exited states. Two
appliations of this ould be of importane: the quantum group restrition leading to
SU(2)-oset theories [30℄ perturbed by φ
(1)
1,3 and the large spin limit where this series should
make ontat with the N=2 SSG model, whose nite size eets are of prinipal importane
in the formulation of superstrings propagating in pp-wave bakground [31℄.
An even more unifying point of view has been proposed in [28℄, where two massive
oupled NLIEs enompass the whole set of SU(2)-osets, of FSSG models and their parent
theory, the so-alled SS-model [32℄.
Finally an investigation of the SSG model with integrable boundaries, along the lines
of what done for SG in [29℄ would be of interest.
We hope to return to these issues in future.
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Appendix A
This appendix is devoted to list the onstants and soure funtions appearing in the kink
equations (45-48). The list of values of the onstants is as follows
C
(1)
b± = Cˆb + 2χ∞ (S − S±)± π (MW −M±W +Msc −M±sc) + 2πl±W ±
π
2
(N1 −N±1 ), (79)
C
(2)
b+ = C
(1)
b+ − 2π(N1 −N+1 ), C(2)b− = C(1)b− , (80)
C˜y+ = i π
{
δy + 2(S +MW +Msc) +M
(2)
C − (S+ +M+W +M+sc +M (2)+C )
}
, (81)
C˜y− = i π
{
δy −M (2)C + (S− +M−W +M−sc +M (2)−C )
}
. (82)
Ca˜ = i
{
2ω
(
1 +
2
p
)
+
π
p
(N+ −N−)
}
. (83)
Ca˜± = ±4χ∞(S − S±)∓ 2π(S − S±) + 2πq±a˜ , (84)
The numbers q±a˜ and l
±
W are integers whih appear only in the presene of wide roots, and
their atual value depends on the relative position of the wide roots. The form of the
soure funtions of (45-48) are given by
g
(0)
1±,0(θ) =
N±,01∑
j=1
χK(θ − h(1)±,0j ), (85)
g˜
(0)
y±,0(θ) = i


N±,0
H∑
j=1
χK(θ − h±,0j )− 2
NS±,0
H∑
j=1
χK(θ − hS,±,0j )−
M±,0
S∑
j=1
(
χK(θ − s±,0j ) + χK(θ − s¯±,0j )
)
−
M±,0
C∑
j=1
χK(θ − c±,0j )

 . (86)
g
(0)
b±,0(θ) =
N±,0
H∑
j=1
χ(θ − h±,0j )− 2
NS±,0
H∑
j=1
χ(θ − hS±,0j )−
M±,0
S∑
j=1
(
χ(θ − s±,0j ) + χ(θ − s¯±,0j )
)
−
M±,0
C∑
j=1
χ(θ − c±,0j )−
M±,0
W∑
j=1
χII(θ − w±,0j )−
M±,0sc∑
j=1
χII(θ − w(j)±,0sc ), (87)
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˜
(0)
a˜±,0(θ) =
N±,0
H∑
j=1
χII(θ − h±,0j )− 2
NS±,0
H∑
j=1
χII(θ − hS±,0j )−
M±,0
S∑
j=1
(
χII(θ − s±,0j ) + χII(θ − s¯±,0j )
)
−
M±,0
C∑
j=1
χII(θ − c±,0j )−
M±,0
W∑
j=1
[
χII(θ − w±,0j )
]
II
−
M±,0sc∑
j=1
[
χII(θ − w(j)±,0sc )
]
II
. (88)
Appendix B
In setion 6, in the alulation of the UV onformal weights, the following dilogarithmi
sum must be alulated:
S0(ρ) = 2
{
L+
[
e3iρ 2 cos(ρ)
]
+ L+
[
e−3iρ 2 cos(ρ)
]
+ L+
[
sin (3ρ)
sin (ρ)
]}
, (89)
where
L+(x) =
1
2
x∫
0
dy
{
ln(1 + y)
y
− ln y
1 + y
}
. (90)
The funtion S0(ρ) has the following simple properties:
S0(ρ) = S0(ρ+ π), S0(ρ) = S0(−ρ). (91)
After some algebra one an prove that
S0(ρ) =
2π2
3
+ Nˆρ
{
2π
∣∣∣ρ− π [ρ
π
]
− π
2
∣∣∣− π2}− i Nˆρπ ln (4 cos2 ρ) , (92)
where
Nˆρ = Nρ mod 2 Nρ =
[
3
ρ
π
]
−
[ρ
π
]
, (93)
and we made the hoie of ln(−1) = iπ.
Appendix C
We solve the Bethe ansatz equation on the lattie diretly for N = 36, γ = π
2.5
and for
various partiular ℓ = 2Ne−Θ in the ground state. This orresponds to the attrative
regime and δy = 0. The Bethe ansatz roots and ℑm(ln b) are plotted below. Here we use
the variable x = γθ/π.
One sees that the entral regime in the graph of ln b beomes atter for smaller ℓ. The
slope however seems to be always positive.
With inrease of N , the Newton method for nding the Bethe ansatz roots beomes
quite unstable. We thus adopt a kind of WKB method to loate them. We plot the result
for N = 128 in Fig. 3. This again support the positivity of the slope qualitatively.
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Figure 1: The Bethe ansatz roots (left) and the orresponding ℑm(ln b) for N = 36, γ =
π/2.5, ℓ = 1
-2 -1 1 2
-0.6
-0.4
-0.2
0.2
0.4
0.6
-4 -2 2 4
-3
-2
-1
1
2
3
Figure 2: The Bethe ansatz roots (left) and the orresponding ℑm(ln b) for N = 36, γ =
π/2.5, ℓ = 0.1
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Figure 3: The Bethe ansatz roots (left) and the orresponding ℜ(ln b) for N = 128, γ =
π/2.5, ℓ = 0.1
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Figure 4: The Bethe ansatz roots (left) and the orresponding ℑm(ln b) for N = 38, γ =
π/2.5, ℓ = 0.1
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Figure 5: The Bethe ansatz roots (left) and the orresponding ℑm(ln b) for N = 38, γ =
π/3.5, ℓ = 0.1
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Next we solve the BAE for N = 38. This orresponds to the hoie δb = 1. The plots
in Fig 4 show that the slope near the origin is again positive (modulo jumps) for γ = π/2.5
for smaller values of ℓ.
The plots in the repulsive regime (γ = π/3.5) are given in Fig. 5. The right gure shows
the negative slope at the origin. (Imagine the extended Brilliouin zone" and line dened
by ℑmx = π.) This indiates that the upper omponent θj of the quasi 2-string entered
at the origin has
d
dθ
Im ln b(θ)
∣∣
θ=θj
< 0, i.e. it is a speial objet. While in the analog
attrative ase NS = 0 and for the vauum where there are no holes Neff = NH−2Ns = 0,
here we have now Ns = 1. However, the jumps at x ∼ ±0.7 do not orrespond to any pair
of roots. Therefore they identify two pairs of holes (they are not speial, as the derivative
of ln b is positive for them). In total we have now NH = 2, but Neff ontinues to be 0.
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